The recently developed method combining the configuration interaction and the coupled-cluster method was demonstrated to provide accurate treatment of correlation corrections in divalent atomic systems [M. S. Safronova, M. G. Kozlov, and C. W. Clark, Phys. Rev. Lett. 107, 143006 (2011) 
The recently developed method combining the configuration interaction and the coupled-cluster method was demonstrated to provide accurate treatment of correlation corrections in divalent atomic systems [M. S. Safronova, M. G. Kozlov, and C. W. Clark, Phys. Rev. Lett. 107, 143006 (2011)]. We have extended this approach to the calculation of quadrupole polarizabilities α2 and applied it to evaluate α2 for the ground state of Mg and Mg-like Si 2+ . Performing the calculations in three different approximations of increasing accuracy allowed us to place the upper bounds on the uncertainty of the final results. The recommended values α2(3s 2 1 S0) = 35.86 (13) 
I. INTRODUCTION
Atomic polarizabilities are important for a number of applications ranging from studies of fundamental symmetries to development of ultra-precise atomic clocks as well as modeling of properties of chemical compounds. As a result, the study of polarizabilities has been of increasing importance in recent years. A number of both experimental and theoretical methods exist for determination of E1 electric-dipole polarizabilities. We refer the reader to a recent review [1] and references therein for the discussion of the applications of E1 polarizabilities and methodologies to determine these quantities in systems with a few valence electrons.
The quadrupole polarizabilities have been a subject of far lesser number of studies, and few high-precision values exist. The previous theoretical studies used the exponentially correlated Gaussian functions [2] , the pseudopotential methods [3] [4] [5] , coupled-cluster methods [5] [6] [7] , and combined the configuration interaction and the many body perturbation theory (CI+MBPT) [8] . Most of these studies have been limited to either very light or monovalent atomic systems. There are ever fewer experimental studies of the quadrupole polarizabilities owing to intrinsic difficulty in measuring this property.
The quadrupole polarizability term arises in the effective potential for polarization interactions between the core and the Rydberg electrons which allows determination of α 2 from the analysis of the fine-structure intervals of the high-L Rydberg states using a resonant excitation Stark ionization spectroscopy (RESIS) method [9] . This approach has been used to determine the ground state quadrupole polarizabilities of Mg + [10] , Ba + [11, 12] , and Th 4+ [13, 14] . The lowest electric-quadrupole matrix elements involving the ground state, which generally give the dominant contribution to α 2 have been determined using the RESIS method for the 6s − 5d j transitions in Ba + [15] and 5f 5/2 − 6d j transitions in Th 3+ [16] .
The difficulty of determining the quadrupole polarizability from RESIS experiments that led to initial disagreement with theory in Ba + was analyzed in [12] . The discrepancy between theory and experimental values was resolved in the same work [12] . The Mg + experimental α 2 value from [10] was found to be in disagreement with both coupled-cluster and configuration interaction with semi-empirical core polarization potential (CICP) results [5] , while both theoretical values are in excellent agreement with each other [5] . The revised polarization plot analysis of Ref. [10] data carried out in [5] yielded much lower value, that is only slightly outside of the combined error estimates. The RESIS Th 4+ α 2 value is in agreement with theory predictions taking into account the uncertainties, but the theoretical calculations are of low accuracy for this ion.
In summary, RESIS method can be used to determine the quadrupole polarizabilities to a good precision, but more benchmark cases of comparison with high-precision theory are needed. Therefore, it is important to develop approaches that are able to predict quadrupole polarizabilities to high precision and evaluate the uncertainties of the final values. We note that quadrupole polarizability is a particularly good property for benchmark testing of theoretical approaches owing to generally large contributions of the correlation corrections. Accurate calculations and benchmark tests of divalent atomic system properties are of particular interest owing to applications to atomic clock research [17] , fundamental symmetry studies [18] , and quantum information [19] .
The method combining the configuration interaction (CI) and the all-order coupled-cluster method (CI+all-order) developed in Refs. [20, 21] was applied to the calculation of the electric-dipole static polarizabilities and the corresponding blackbody radiation shifts in divalent B + , Al + , In + , and Tl + in [22, 23] . We applied the same approach to calculate electric-dipole polarizabilities of the several low-lying states of Si 2+ ion in Ref. [24] . These polarizabilities were calculated with unprecedented ∼ 0.1% accuracies demonstrating a great potential and a high efficiency of the CI + all-order method in calculation of such quantities. Therefore, we select the ground state electric-quadrupole (E2) polarizabilities of Mg and Si 2+ as the benchmark test cases for the approach developed in the present work, since the high precision of the theory is expected for these cases. We note that the method developed in this work can be used to calculate quadrupole polarizabilities of the low-lying states of any divalent or trivalent system. The E2 polarizability of the Mg ground state was calculated using the CI+MBPT method in Ref. [8] . The corevalence correlations were included explicitly in the second order of MBPT, while the higher orders of MBPT were included using the energy fitting described in Ref. [8] . The final result was α 2 (3s 2 1 S 0 ) = 812(6) a.u.. In this work, we carried out pure ab initio calculation of this quantity in the framework of the CI + all-order approach. The resulting ab initio value 814(3) a.u. is in an excellent agreement with the result reported earlier. A small difference between the central values can be attributed to the Breit interaction included in the present work, ab initio treatment of the higher-order correlation corrections, the greater basis set, and the greater CI space. For Si 2+ , we obtained α 2 (3s 2 1 S 0 ) = 35.86(13) a.u. We will discuss the details of the method and evaluation of uncertainties in the following sections.
To the best of our knowledge, there are no experimental data for the α 2 (3s S 0 ) for Si 2+ and Mg. At the same time the theoretical accuracy of calculation of these quantities achieved in this work is sufficiently high and, respectively, the E2 polarizabilities of the (3s
2+ and Mg present a good opportunity for a high-precision benchmark test of theory and experiment. Since Si 2+ electric-dipole polarizability was already accurately determined using the RESIS experiment [12] , it is a likely candidate for a benchmark test of determination of E2 polarizability by the RESIS method. Mg is also of particular interest since it is considered to be a good candidate for the development of the atomic clock.
II. METHOD
The details of the CI+all-order method were presented in [21, 22, 24] , therefore, we provide only a brief outline of the approach. We start from the solution of the DiracFock (DF) equationsĤ
where H 0 is the relativistic DF Hamiltonian [21, 25] and ψ c and ε c are single-electron wave functions and energies. The dominant part of the Breit interaction was included in the self-consistency procedure [26] .
The calculation was carried out in V N −2 approximation, i.e. the self-consistent calculations were performed for the [1s 2 2s 2 2p 6 ] closed core, and the 3s, 3p, 3d, 4s, 4p, and 4d orbitals were formed in this potential. The B-spline basis set was formed in a spherical cavity with radius 60 a.u. and consisted of N = 35 orbitals for each partial wave up to l = 5. The set of configurations was constructed by single and double excitations of the electrons from the main configuration 3s 2 to the 4s − 23s, 3p − 23p, 3d − 23d, 4f − 23f , and 5g − 23g orbitals. Thus, five partial waves with the orbitals having the principal quantum numbers n ≤ 23 were involved in the construction of the CI space. We have verified that such CI space is numerically complete.
The wave functions and the low-lying energy levels were determined by solving the multiparticle relativistic equation for two valence electrons [27] :
The effective Hamiltonian was defined as
where H FC is the Hamiltonian in the frozen-core approximation. The energy-dependent operator Σ(E) takes into account virtual core excitations. It is constructed using the second order many-body perturbation theory in the CI+MBPT approach [25] and linearized coupled cluster single-double method in the CI+all-order approach [21] . The construction of the effective Hamiltonian in the CI+MBPT and CI+all-order approximations was described in detail in Refs. [21, 25] . The electric quadrupole polarizability α 2 can be represented in a general case as a sum of three parts
where α v 2 includes excitations of valence electrons, α c 2 is the ionic core polarizability, and α vc 2 is the small correction to α c 2 which subtracts out the excitations of core electrons into the occupied valence shells forbidden by the Pauli principle. In our case, α vc 2 = 0 because there are no nd orbitals in the core and, respectively, no excitations from the core to the 3s shell. The ionic core polarizability, α c 2 , was evaluated in both the DF approximation and the RPA approximation. The difference between two these values can be used to estimate the uncertainty of this quantity.
The static electric-quadrupole polarizability of the 3s 2 1 S 0 state can be written as
In atomic units (m=h=|e|=1) the electric quadrupole moment operator is determined as Q ν = −r 2 C 2ν (n), where n ≡ r/r and C 2ν (n) are the normalized spherical harmonics.
The valence part of the polarizability, α v 2 , of the state |0 can be found by solving the inhomogeneous equation in the valence space, which is written as [28] (
and then calculating
The effective quadrupole operator Q eff includes the random-phase approximation (RPA) corrections. Our analysis shows that the RPA corrections to values of α 2 (3s 2 1 S 0 ) for both Si 2+ and Mg are very small (a few tenth of a percent). Therefore, all other smaller corrections to the effective operator including core-Brueckner, two-particle, structure radiation, and normalization corrections can be omitted at the present level of accuracy.
We find that some caution is required in calculating the E2 polarizabilities by solving the inhomogeneous equation in the valence space. First, the wave functions |Ψ and |0 are of the same parity. Second, the wave function |0 is the solution of the homogeneous equation
It is known that a general solution of an inhomogeneous equation is a sum of a particular solution of the inhomogeneous equation and the general solution of the homogeneous equation. In our case the solution |Ψ of Eq. (4) is the sum of the particular solution of Eq. (4) which we denote as |Ψ ′ and a solution of Eq. (6):
where β is a numerical coefficient and |Ψ ′ is assumed to be orthogonal to |0 , i.e. 0|Ψ ′ = 0. To separate out the particular solution |Ψ ′ from the general solution, one needs to project |Ψ to the subspace orthogonal to |0 as
We emphasize that such an admixture does not occur in calculating E1 polarizabilities, parity nonconserving amplitudes and other quantities for which |Ψ and |0 are of opposite parity. For those operators, |Ψ and |0 belong to different subspaces from very beginning and automatically turn out to be orthogonal to each other (i.e., β = 0).
It seems that if |0 = | 1 S 0 we do not need to worry about the admixture of |0 to |Ψ ′ because 0|(Q 0 ) eff |0 = 0 and this admixture is removed from the final result. The problems arise because the factor β can be very large. In particular, in our case β was ∼ 10 5 which would lead to a numerical instability of the method and, finally, to a loss of accuracy in the straightforward implementation of the approach described above.
We find a solution to this problem that can be implemented in the framework of our approach without additional modifications of the method. The solution of the inhomogeneous equation, |Ψ , can be represented as a sum of projections to the states with definite total angular momenta and written as [28] 
where J and M are the total angular momentum and its projection of the state |0 and J min ≡ max(0, J − 2). In our case, the only term in Eq. (9) 
III. RESULTS
First, we find the low-lying energy levels of Mg and Si 2+ . To estimate the accuracy of calculations we calculated the energy levels in the CI, CI+MBPT, and CI+all-order approximations. The results for Si 2+ were presented in [24] , where we demonstrated that the CI energy levels were already in good agreement with the experimental values. The maximum difference between the CI and experimental results did not exceed 2.2%. For Mg, the agreement with experiment at the CI level is only slightly worse. An inclusion of the core-valence correlations in the CI+MBPT and CI+all-order calculations led to further substantial improvement of the theoretical energy levels.
In Tables I and II , we present the results obtained in the CI+all-order approximation for Si 2+ and Mg, respectively, and compare them with experimental data. The two-electron binding energies are given in the first row of these tables, the energies in other rows are counted from the ground state. We find that the agreement between theoretical and experimental energy levels listed in these tables is extremely good, 0.05% or better for most of the levels. This is important for calculation of the quadrupole polarizability of the ground state because the low-lying levels give main contribution to this quantity. We note that the inclusion of the ng orbitals to the CI space is essential to obtain such high accuracy for all energy levels, including the singlet states, for Si 2+ . For Mg the ng orbitals can be omitted from the CI space with negligible loss of accuracy.
In Table III D 2 state appears at first to be surprising because the 3s
D 2 is a two-electron transition. However, there is the large admixture (33% in probability) of the 3s3d configuration to the 3p 2 configuration that explains such a large contribution of the 3p nucleus, the contribution of the high-lying discrete states as well as the continuum is larger than for doubly-ionized Si. Therefore, using a sum-over-states approach with a few low-lying contributions in the sum over intermediate states allows to obtain the ground state E2 polarizability for Mg only with an accuracy of about 15% percent.
To obtain this quantity with a higher accuracy a more sophisticated approach like a solution of inhomogeneous equation used in this work is required. The E2 polarizabilities of the ground state obtained in different approximations are given for Si 2+ and Mg in Table IV . This table illustrates that the core-valence correlations included in the second order of MBPT in the CI+MBPT approximation and in all orders in the CI+all-order approximation change the results obtained in the CI approximation by only a few per cent (by 4.5% for Si 2+ and by 8% for Mg). Since we use the numerically complete basis set and the saturated CI space, we take into account the valencevalence interactions almost exactly. The main source of uncertainty arises from the core-valence correlations. We conservatively estimate this uncertainty as the difference between the CI+MBPT and CI+All results presented in Table IV 
IV. CONCLUSION
In conclusion, we have developed a method for the precision calculation of electric quadrupole polarizabilities and applied it to evaluate the static E2 polarizabilities of the ground 3s [8] for Mg and with the theoretical results obtained by CICP method in Refs. [4, 30] .
The method developed in this work can be used to calculate quadrupole polarizabilities of the low-lying states of any divalent or trivalent system. We hope that the present work will stimulate experimental studies of quadrupole polarizabilities of divalent systems using the resonant excitation Stark ionization spectroscopy and other methods for benchmark test of theory and experiment.
